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Abstract
In this paper, we present three new identities providing relations betweenRamanujan–Göllnitz–Gordon continued
fractionH(q) and the three continued fractionsH(q5),H(q7) andH(q11).We also give a new approach for relations
between H(q) and H(q3) which is due to Chan and Huang [Ramanujan J. 1 (1997) 75–90].
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1. Introduction
Let,
H(q)= q
1/2
1+ q +
q2
1+ q3+
q4
1+ q5+···
, |q|< 1, (1.1)
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denote the Ramanujan–Göllnitz–Gordon continued fraction. Ramanujan recorded (1.1) on page 229 of
his second notebook [4] along with the following two identities.
1
H(q)
−H(q)= (q
2)
q1/2(q4)
(1.2)
and
1
H(q)
+H(q)= (q)
q1/2(q4)
,
where
(q)=
∞∑
n=−∞
qn
2
and
(q)=
∞∑
n=0
qn(n+1)/2.
Proofs of these identities can be found in [2, p. 221]. Chan and Huang [3], gave many new identities
involving H(q), including relations between H(q) and H(q3), H(q) and H(q4).
In this paper, we establish relations between H(q) and the four continued fractions H(q3), H(q5),
H(q7) and H(q11). Our relations are motivated in [1], in which the author obtains relations between
G(q) andG(q5), andG(q) andG(q7), whereG(q) is Ramanujan’s cubic continued fraction, deﬁned by
G(q) := q
1/3
1 +
q + q2
1 +
q2 + q4
1 +
q3 + q6
1 +···
, |q|< 1.
Now we recall some deﬁnitions and eta-function identities, which will be used in a later section. Let,
as usual,
f (−q) :=
∞∑
n=−∞
(−1)nqn(3n−1)/2, |q|< 1.
Theorem 1.1. If
Ln := f (−q
n)
qn/24f (−q2n) ,
then
(i) L161 = L161 L82 + 16L81, (1.3)
(ii) (L2L6)4 − (L1L3)4(L2L6)2 − 4(L1L3)2 = 0, (1.4)
(iii) (L2L10)8 − (L1L5)8(L2L10)4 − 8(L1L2L5L10)4 − 16(L1L5)4 = 0, (1.5)
(iv) (L2L14)2 − (L1L7)2(L2L14)− 2L1L7 = 0, (1.6)
(v) (L2L22)
4 − (L1L11)4(L2L22)2 − 4(L1L2L11L22)2 − 4(L1L11)2 = 0. (1.7)
For proof of (1.3), see [6] and proofs of (1.4)–(1.7) can be found in [5].
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2. Main theorems
In this section, we establish certain new theta-function identities andwe use these in establishing certain
identities for H(q).
Lemma 2.1. Let
P := (q)
q1/4(q2)
and Q := (q
3)
q3/4(q6)
.
Then
PQ+ 16
PQ
−
(
P
Q
)2
−
(
Q
P
)2
− 6= 0. (2.1)
Proof. Employing Entry 24 of Chapter 16 [2, p. 39], we deduce that
P = L
4
2
L21
(2.2)
and
Q= L
4
6
L23
, (2.3)
where Ln is as in Theorem 1.1. Using (2.2) and (2.3), respectively, in (1.3), we ﬁnd that
L242 = P 4(P 4 − 16) (2.4)
and
L246 =Q4(Q4 − 16).
From the above two identities, we have
(L2L6)
24 = (PQ)4(P 4 − 16)(Q4 − 16). (2.5)
From (2.2) and (2.3), we have
(L1L3)
2 = (L2L6)
4
PQ
,
using this in (1.4) and then multiplying throughout by (PQ)2, we ﬁnd that
(L2L6)
6 = PQ(PQ− 4). (2.6)
From (2.5) and (2.6), it follows that
(PQ− 4)4 = (P 4 − 16)(Q4 − 16),
which is readily seen to be equivalent to (2.1). 
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Theorem 2.1. Let x := H(q) and y := H(q3). Then,
x4y3 − 3x3y2 + x3 − 3x2y3 + 3x2y − xy4 + 3xy2 − y = 0.
Proof. Replacing q with q2 in P and Q of Lemma 2.1, we obtain from (1.2),
P = (1/x)− x and Q= (1/y)− y.
Substituting these in (2.1) and then simplifying the resulting identity using Maple, we arrive at
(x4y3 + x3 + 3x2y − y − 3x3y2 + 3xy2 − 3x2y3 − xy4)
× (x4y + x − 3x2y + 3x3y2 − 3xy2 + 3x2y3 − y3 − x3y4)= 0.
From the deﬁnition of x and y, we have x = o(q1/2) and y = o(q3/2) as q → 0. Hence, the ﬁrst factor
vanishes for q sufﬁciently small, whereas the second does not. By the identity theorem, the ﬁrst factor
vanishes for |q|< 1. This proves the theorem. 
Lemma 2.2. Let
P := (q)
q1/4(q2)
and Q := (q
5)
q5/4(q10)
.
Then (
Q
P
)3
+
(
P
Q
)3
+ 10
[(
Q
P
)2
+
(
P
Q
)2]
+ 15
[
Q
P
+ P
Q
]
− (PQ)2 − 256
(PQ)2
− 20= 0. (2.7)
Proof. As in Lemma 2.1, expressing P and Q in terms of f (−q), we have
P = L
4
2
L21
(2.8)
and
Q= L
4
10
L25
. (2.9)
Changing q to q5, in (2.4), we obtain
L2410 =Q4(Q4 − 16). (2.10)
Thus, from (2.4) and (2.10), we have
(L2L10)
24 = (PQ)4(P 4 − 16)(Q4 − 16). (2.11)
From (2.8) and (2.9), we ﬁnd that
(L1L5)
2 = (L2L10)
4
PQ
.
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Employing the above in (1.5), and then dividing throughout by (L2L10)8/(PQ)4, we obtain
(L2L10)
12 + 8(PQ)2(L2L10)4 = (PQ)2[(PQ)2 − 16].
Squaring the above identity and then using (2.11) on the left side, we ﬁnd that
[(L2L10)8 + 2(PQ)2]2 = (PQ)2[P 2 +Q2]2.
Now, taking squareroots on both sides and then rearranging, we deduce that
(L2L10)
8 = PQ(P −Q)2.
Comparing the above, with (2.11), we obtain
PQ(P 4 − 16)(Q4 − 16)= (P −Q)6.
Identity (2.7), now follows from the above relation. 
Theorem 2.2. Let x := H(q) and y := H(q5). Then
x5 − y + 5x2y − 10x2y3 − 10x3y4 + 10x3y2 − 5x4y5 + 10x4y3
+ x6y5 − 5x5y2 + 5xy4 − xy6 = 0.
Proof. Changing q to q2 in Lemma 2.2, then from (1.2), we have
P = (1/x)− x and Q= (1/y)− y.
Replacing qwith q2 in (2.7), then by using the above substitutions for P andQ, and then factorizing using
Maple, we deduce that
(x5 − y + 5x2y − 10x2y3 − 10x3y4 + 10x3y2 − 5x4y5 + 10x4y3
+ x6y5 − 5x5y2 + 5xy4 − xy6)(x − y5 − 5xy2 − 5x4y + yx6 + 5x2y5
− 10x2y3 − 10x3y4 + 10x3y2 + 10x4y3 + 5x5y4 − x5y6)= 0.
As in the proof of Theorem 2.1, the second factor in the product is a nonzero function when |q| → 0,
since there is only one term x with leading term q1/2. Hence, we conclude that the ﬁrst factor is equal to
zero. This completes the proof of the theorem. 
Lemma 2.3. Let
P := (q)
q1/4(q2)
and Q := (q
7)
q7/4(q14)
.
Then (
P
Q
)4
+
(
Q
P
)4
+ 14
[(
P
Q
)2
+
(
Q
P
)2][
PQ+ 16
PQ
+ 10
]
+ 70− (PQ)3 − (16)
3
(PQ)3
− 7
[
(PQ)2 + (16)
2
(PQ)2
]
− 28
[
PQ+ 16
PQ
]
= 0. (2.12)
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Proof. Proceeding as in Lemma 2.1, we have
P = L
4
2
L21
(2.13)
and
Q= L
4
14
L27
. (2.14)
Changing q to q7 in (2.4), we ﬁnd that
L2414 =Q4(Q4 − 16).
Thus, from (2.4) and above relation, we obtain
(L2L14)
24 = (PQ)4(P 4 − 16)(Q4 − 16). (2.15)
The relations (2.13) and (2.14), give
(L1L7)
2 = (L2L14)
4
PQ
,
employing this in (1.6) and then dividing throughout by (L2L14)2, we ﬁnd that
(L2L14)
3 =√PQ (√PQ− 2) .
Now, taking 8th power on both sides and then using (2.15) on the left side, we obtain
P 4 +Q4 + 7(PQ)3 + 70(PQ)2 + 112PQ
=√PQ[(PQ)3 + 28(PQ)2 + 112PQ+ 64].
Squaring this on both sides and then dividing throughout by (PQ)4, we obtain (2.12). 
Theorem 2.3. Let x := H(q) and y := H(q7). Then
x8 − 7x7y − (xy)7 − 7x7y3 + 7x7y5 + 28x6y2 + 7x5y7 − 7x5y
− 49(xy)5 − 7x5y3 + 70(xy)4 + 7x3y − 7x3y7 − 7x3y5 − 49(xy)3
+ 28x2y6 − xy − 7xy7 − 7xy5 + 7xy3 + y8 = 0.
Proof. Changing q to q2 in Lemma 2.3, we obtain from (1.2),
P = (1/x)− x and Q= (1/y)− y.
Changing q to q2 in (2.12), and then using the above substitutions for P and Q, and factorizing using
Maple, we arrive at
C(x, y)D(x, y)= 0,
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where
C(x, y)= x8 − 7x7y − (xy)7 − 7x7y3 + 7x7y5 + 28x6y2 + 7x5y7 − 7x5y − 49(xy)5
− 7x5y3 + 70x4y4 + 7x3y − 7x3y7 − 7x3y5 − 49(xy)3 + 28x2y6 − xy
− 7xy7 − 7xy5 + 7xy3 + y8
and
D(x, y)= − (7xy + 1+ 70(xy)4 + 28(xy)6 + (xy)8 + 7xy3 + 7x3y − 7x5y + x7y
+ 7(xy)7 + 7x7y5 − 7x7y3 − 7xy5 + 7(xy)5 + 49x3y5 − 7x3y7 + xy7 + 7(xy)3
+ 28(xy)2 + 49x5y3 + 7x5y7).
From the deﬁnitions of x and y, we have x = o(q1/2) and y = o(q7/2) as q → 0. Hence C(x, y) vanishes
for q sufﬁciently small whereas D(x, y) does not. By the identity theorem, C(x, y) vanishes for |q|< 1.
Thus, we have
C(x, y)= 0.
This completes the proof of the theorem. 
Lemma 2.4. Let
P := (q)
q1/4(q2)
and Q := (q
11)
q11/4(q22)
.
Then (
P
Q
)6
+
(
Q
P
)6
+
[
1298− 99
(
PQ+ 16
PQ
)][(
P
Q
)4
+
(
Q
P
)4]
+
[
22
(
(PQ)3 + (16)
3
(PQ)3
)
+ 275
(
(PQ)2 + (16)
2
(PQ)2
)
+ 4092
(
PQ+ 16
PQ
)
+ 19151
]
×
[(
P
Q
)2
+
(
Q
P
)2]
− (PQ)5 − (16)
5
(PQ)5
− 22
[
(PQ)4 + (16)
4
(PQ)4
]
− 253
[
(PQ)3 + (16)
3
(PQ)3
]
− 1166
[
(PQ)2 + (16)
2
(PQ)2
]
− 4642
[
PQ+ 16
PQ
]
− 7876= 0. (2.16)
Proof. Proceeding as in Lemma 2.1, we have
(L1L11)
2 = (L2L22)
4
PQ
(2.17)
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and
(L2L22)
24 = (PQ)4(P 4 − 16)(Q4 − 16). (2.18)
Also, employing (2.17) in (1.7), and then dividing throughout by (L2L22)4/(PQ)2, we obtain
(L2L22)
6 − 4(PQ)(L2L22)2 = (PQ)2 − 4PQ. (2.19)
We obtain (2.16) by eliminating (L2L22) from (2.18) and (2.19). We use Maple to eliminate. 
Theorem 2.4. Let x := H(q) and y := H(q11). Then
− y − 231x3y4 − 66x2y3 − 198x7y8 − 11xy2 + 528x8y7 + 55x6y9 − 66x2y9 + 66x10y9
− 33x4y11 − 198x4y7 + x12y11 − 11x10y11 − 11x11y2 − 66x10y7 + 33x11y4 − 11x11y6
− 33x11y8 + 11x11y10 + 396x6y5 + 66x2y5 + 33x8y11 + 11x2y − 33xy8 + 66x5y10
− 11x6y11 − 396x8y9 + 33xy4 + 396x3y8 + 11x6y − 11x10y + 396x4y3 − 231x8y3
− 55x3y6 − 66x3y10 + 66x3y2 + x11 + 66x10y3 − 396x9y4 + 231x9y8 − 66x9y10
− 66x7y2 + 198x5y4 − 528x5y8 − 528x4y5 − 396x7y6 + 396x5y6 + 55x9y6 + 11xy6
+ 66x9y2 + 33x8y + 198x8y5 + 11xy10 − xy12 − 33x4y − 55x6y3 + 528x7y4
+ 11x2y11 + 231x4y9 − 396x6y7 = 0.
Proof. Changing q to q2 in Lemma 2.4, we obtain from (1.1),
P = (1/x)− x and Q= (1/y)− y.
Changing q to q2 in (2.16), and then using the above substitutions for P and Q, and factorizing using
Maple, we arrive at
C(x, y)D(x, y)= 0,
where
C(x, y)= − y − 231x3y4 − 66x2y3 − 198x7y8 − 11xy2 + 528x8y7 + 55x6y9 − 66x2y9
+ 66x10y9 − 33x4y11 − 198x4y7 + x12y11 − 11x10y11 − 11x11y2 − 66x10y7
+ 33x11y4 − 11x11y6 − 33x11y8 + 11x11y10 + 396x6y5 + 66x2y5 + 33x8y11
+ 11x2y − 33xy8 + 66x5y10 − 11x6y11 − 396x8y9 + 33xy4 + 396x3y8
+ 11x6y − 11x10y + 396x4y3 − 231x8y3 − 55x3y6 − 66x3y10 + 66x3y2 + x11
+ 66x10y3 − 396x9y4 + 231x9y8 − 66x9y10 − 66x7y2 + 198x5y4 − 528x5y8
− 528x4y5 − 396x7y6 + 396x5y6 + 55x9y6 + 11xy6 + 66x9y2 + 33x8y+198x8y5
+ 11xy10 − xy12 − 33x4y − 55x6y3 + 528x7y4 + 11x2y11 + 231x4y9 − 396x6y7
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and
D(x, y)= (x − 1)(x + 1)(y − 1)(y + 1)(x − 396x3y4 − 66x2y3 − 528x7y8 − x11y12
− 11xy2 + 198x8y7 − 55x6y9 − 66x2y9 + 66x10y9 − 33x4y11 − 528x4y7 − y11
− 11x10y11 − 11x11y2 + 33x11y4 + 11x11y6 − 33x11y8 + 11x11y10 − 66x10y5
− 396x6y5 + 33x8y11 + 11x2y − 33xy8 + 11x6y11 − 231x8y9 + 33xy4 + 231x3y8
− 11x6y − 11x10y + 231x4y3 − 396x8y3 + 55x3y6 − 66x3y10 + 66x3y2 + x12y
+ 66x10y3 − 231x9y4 + 396x9y8 − 66x9y10 + 66x7y10 + 528x5y4 − 198x5y8
− 198x4y5 + 396x7y6 − 396x5y6 − 55x9y6 − 11xy6 + 66x9y2 + 33x8y
+ 528x8y5 + 11xy10 + 66x2y7 − 33x4y − 66x5y2 + 55x6y3 + 198x7y4
+ 11x2y11 + 396x4y9 + 396x6y7).
From the deﬁnitions of x and y, we have x= o(q1/2) and y= o(q11/2) as q → 0. Hence C(x, y) vanishes
for q sufﬁciently small whereas D(x, y) does not. By the identity theorem, C(x, y) vanishes for |q|< 1.
Thus, we have
C(x, y)= 0.
This completes the proof of the theorem. 
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